Section |

10 marks NESA Number:

Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet (provided on the last page of the booklet) for Questions 1-10.

1. What is the scalar product of the two vectors y =2i— j+3kand v=4i—-6,;—-3k?

A, 25
B. -11
C. 5
D. 23
2. Itis given that a,b,cand d are consecutive integers.

Which of the following statements may be false?
A. abcd is divisible by 8
B. abcd is divisible by 3

C. a+b+c+disdivisible by 4

D. a+ b+ c+disdivisible by 2

3. What is the contrapositive of the following statement?

If you’re sad and you know it, then you will stomp your feet.

A. Ifyoudon’t stomp your feet, then you’re sad and you know it.
B. If you stomp your feet, then you’re either not sad or you don’t know it.
C. Ifyoudon’t stomp your feet, then you’re not sad and you don’t know it.

D. Ifyoudon’t stomp your feet, then you’re either not sad or you don’t know it.



dx ?

Which of the following is an expression for .[ =
x +1

A. ;3(x2+1)2+C
B. %3(x2+1)2+C
C. %3(x2+1)2+C
D.

23
VG + D2 +C

(*) A whole number n is prime if it is 1 less or 5 less than a multiple of 6. How many
counterexamples to () are there in the range 0 < n < 50?

A 2
B. 3
C. 4
D. 5

If z = (1 + ia)? where a is real and positive, what is the exact value of a if arg(z) = % ?

A.

N

-

W | —



7.  Which diagram best shows the curve described by the position vector

r(t)=sin(t)i—cos(t), for J StST?

A. B.

vi vi

1
(&%)
C D.
vi v
] 1 1
= (&%)
11
(_ vz ﬁ) /
8 ( "
x
1 7
)
(=D ot =%
\n"fJ VZ
8. Onan Argand diagram, the points z,—Z,z ™! and —(z~1) , where |z| # 1, form the vertices of a
shape.

Which of the following is the shape?

A. Square
B. Rectangle
C. Rhombus

D. Trapezium



9.  The diagram shows the complex number z in the fourth quadrant of the complex
plane. The modulus of Z is 2.

Which of the points marked A4, B, C or D best shows the position of —.L ?

iZ
A
1
B e C.
-1 1 =
D, Aoe
-1
VA
A. PointA4
B. PointB
C. PointC
D. PointD

T .. T ) ) . :
10. 1f a):cosgﬂsmg, which quartic polynomial has w,®*,” and @’ as its zeros?

A. 2+ +z+1
B. 22+ —z+1
C. ARy SR |

D. 22— —z+1



Section |l

90 marks
Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section
Answer each question in the appropriate writing booklet. Extra writing booklets are available.
For questions in Section II, your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (16 marks) Use a new writing booklet.

(a) The complex numbers z = 9¢3' and w = 3es are given.

(i)  Find the value of %, giving the answer in the form re®®. 1
(i) Hence, or otherwise, find the value of w?2. 1
—4
(b) Ttis given that the pointR is (2,1,—1), RS =| —1 | and RT =3RS . 2
g
2
Find the coordinates of 7 .
(c) Find
i
@ J sin’ x dx 2
.. x2
(i1) J ——dx 2
x +6

(d) 2-3i is one root of the equation z° +mz+52 =0, where m is real.

(i)  Find the other roots. 2
(i) Determine the value of m. 2
(¢) (1) Find the square roots of —3 — 4i. 2
(i)  Hence or otherwise, solve the equation z? — 3z + (3 + i) = 0. 2

-5-



Question 12 (14 marks) Use a separate writing booklet.

2 —
(a) (1) Express w as a sum of partial fractions over R .
x(x +5)
2
(i) Hence find | 22 25" 4.
X (x + 5)

(b) For all non-negative numbers, x and y, HTy > \/E . (Do NOT prove this.)

A rectangle has dimensions a and b.

Given that the rectangle has perimeter P, and area A, prove that P? > 16A.

: ' 8-2i .
() (1)  Write the complex number w= s 31. in the form x+iy
+3i

(i) Find the argument of w.

(ii1) Hence or otherwise, find the possible values of the positive integer n for which
w" is purely real.

(d) On an Argand diagram, sketch the region satisfied by both

|z+1|£|z—i‘ and Im(z)<2.



Question 13 (14 marks) Use a separate writing booklet.

(2)

(b)

(©)

(d)

A triangle has side lengths x+3, 3x+6and 5x+2, where xeR.

Prove that %< x<7.

Suppose p € R satisfies 7” = 2. Prove that p is irrational.

Let a,, be the sequence defined recursively by a, = 0 and a,, = a,,_; + 3n? for all
integers n > 1.

Use mathematical induction to prove that for all integers n = 0,

nn+1)2n+1)
a, =
2
A quadrilateral is formed in three-dimensional space.

It’s vertices are O(O, 0,0) , A(2,5,—6) , B(3,—3,—4) andC(2,—16,4) , labelled in the

clockwise direction from point O.

Find the size of ZABC, giving your answer to the nearest degree.

Question 13 continues on page 8



(e)

Im A
D NOT TO
SCALE
In the diagram the points 4, B, C and D
represent the complex numbers
z,,Z,,2, and z,, respectively. Both
C AABCand ABCD are right angled
isosceles triangles as shown
B
A
>
0] Re

(1)  Show that the complex number z,can be written as

zy=(1-1)z +iz,

(i1)  Hence, express the complex number z, in terms of z and z,, giving your answer in

simplest form.



Question 14. (14 marks) Use a separate writing booklet.
deri S N : +X, .t
(a) By considering the series Zk and the AM-GM Inequality xlxzn—xn > x%,..X, ,
k=1

prove that (nT—i-l) > n! for integers n>1.

1 <1
. . sin” x
(b) Use integration by parts to evaluate J

o V1+x

dx .

. o X .
(¢) Using the substitution ¢ = tan > or otherwise, evaluate

Jz'Z "
% sinx+1

(d)  Given |z-2-2i|=1.

(1)  On an argand diagram, sketch the graph of the set of points represented by z.
(i1) Find the maximum value of Arg z.

(iii) Find the maximum value of |z]|.



Question 15. (16 marks) Use a separate writing booklet.

(a) OACB is a parallelogram with OA = a and OB = b. M is a point on OA such that

‘O—M‘ = %‘@‘ . Pis apoint on MB such that ‘]\7" = é‘m , as shown in the diagram.

Show that Plies on OC.

®) ()  Show thatj f(x)dx:Ja f(a—x)dx

(i)  Show that:

Jl dx :JZ . cosd 40
ox++1—x> Jo sinf+cosf

(ii1)) Hence, determine the value of:

1
1=J _odx
0 x+1—x?

Question 15 continues on page 11
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(c) The line r, has equation:
r 1:£'+2lg+ﬂ,(2g+3j—lg)) where A eR.
The line r, has equation:

x+1 y-4 z-1
1 1 3

(i)  Show that 732:—£+4Z+lg+y(£'+z+3lg) where g e R.

(i)  Show that lines r,and r, do not intersect.

The point A4 lies on r, with parameter A = p, and the point B lies on r, with parameter

H=q.
(i) Write AB as a column vector.

(iv) Calculate the value of ‘E‘ when 4B is perpendicular to both r,and r,.

-11-



Question 16. (16 marks) Use a separate writing booklet.

(a) Consider the proposition:

If the remainder is 2 or 3 when an integer n is divided by 4, then n# k>, where ke, .

(1)  State the contrapositive to the proposition.

(i1)) Hence, prove the proposition by proving the contrapositive.

(b) Let

1 1 1 1
z, = + + ot

(i) (i) (1+i) (1+i)"

- I .
(1) Express oy in the form x+iy.
+1

..an . n
Sln7+lCOST

(1) Provethat z =1-i+

n

25

©  Let I, :J.:x"\/a2 —x"dx,a € Rt and n=0,1,...

. -1
(i) Provethat I =a*>—1 , for n=2,3, ..
n+2

o (a)" ()
(11) rove that zn—ﬂ' 5 W

End of examination.
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NESA Number:

Fort Street
High School

Name:

2 0 2 3 TRIAL HIGHER SCHOOL CERTIFICATE EXAMINATION

Mathematics Extension 2
SOLUTIONS

General e Reading time — 10 minutes
Instructions e Working time — 3 hours

e Write using black pen

e Approved calculators may be used
e A reference sheet is provided

e Marks may be deducted for careless or badly arranged work.

® In Questions in Section II, show relevant mathematical reasoning and/or
calculations

Total marks : Section I — 10 marks
100
e Attempt Questions 1 — 10

e Allow about 15 minutes for this section

Section II — 90 marks

e Allow about 2 hours and 45 minutes for this section
e Write your student number on each answer booklet.

e Attempt Questions 11 — 16



Section | — Multiple Choice Answer Sheet

Allow about 15 minutes for this section
Select the alternative A, B, C or D that best answers the question. Fill in the response oval completely.

Sample: 2+4= (A) 2 (B) 6 (C)8 (D) 9
AQ B @ c O D O

If you think you have made a mistake, put a cross through the incorrect answer and fill in the new answer.

A @ B W c O D O

If you change your mind and have crossed out what you consider to be the correct answer, then indicate
the correct answer by writing the word correct and drawing an arrow as follows.

A B cCO D O
1. AO O @ pO
2. AO BO @ nO
3. AO BO cO @
4, AO @ cO 0O
5. AO BO @ nO
6. AO s @ cO pO
7. AO BO c@®@ 0O
8. AO BO cO @
9. AO s @ cO nO
0. AO @ cO O



Section |

NESA Number:

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet (provided on the last page of the booklet) for Questions 1-10.

What is the scalar product of the two vectors  ~ 2= 3k g v=41-6] -3k,

A +) |4
B. ol Jo #‘1 & S“"'q
=B

®) » = ®

It is given that @-b>Cand d are consecutive integers. Tada e, ™.

Which of the following statements may be false? Izt vy 2w (5l
IRZ3 Buty = ﬂl.t () 5‘33""‘
A. abcd is divisible by 8 hﬂ l)

B.  abcd is divisible by 3 l U
@ a+b + c + d is divisible by 4 X S <2

D.  a+b+c+disdivisible by 2

3.  What is the contrapositive of the following statement?

If you're sad and you know it, then you will stomp your feet.

A. Ifyoudon’t stomp your feet, then you’re sad and you know it.
B.  If you stomp your feet, then you’re either not sad or you don’t know it.
C. Ifyou don’t stomp your feet, then you’re not sad and you don’t know it.

@ If you don’t stomp your feet, then you’re either not sad or you don’t know it.



X
[ ax
Which of the following is an expression for I +1 9

A i c
e (Cm VR

< %3/(;@ +12+C
D. 2,
5,/(9(2 +1)2+C

(*) A whole number n is prime if it is 1 less or 5 less than a multiple of 6. How many
counterexamples to (*) are there in the range 0 < n < 50?

A. 2
B. 3
© 4

D. 5
Multiples 1 less 5 less Prime
of 6
6 5 1 N
12 11 7 Y
18 17 13 Y
24 23 19 Y
30 29 35 N
36 35 31 N
42 41 37 Y
48 47 43 Y
54 Not <50 49 N




If z= (1 + ia)? where a is real and positive, what is the exact value of a if arg(z) =
WL %
A ooy [F) = -.-3[(.1“.;3
_— V'j(h- LAY

Ao () ;_E

K

-

- ]
e W e
C. B L
D. 1
3
7. Which diagram best shows the curve described by the position vector
4 St
r(t)=sin(t)i—cos(z) for Z£t<79
A. B. e ‘
(%) St ol i
1
* (R
LA
) !: (!:1,.) = CI.. g)
= D.



On an Argand diagram, the points z, —z,z~" and —(z™") , where 1“7
Coanidid 2= Xv ¥y

shape.

Which of the following is the shape?

A. Square
B. Rectangle

C. Rhombus

@ Trapezium

-

-3

-

2| #1 , form the vertices of a

-y #2

e



9.  The diagram shows the complex number z in the fourth quadrant of the complex

plane. The modulus of Z is 2.

Which of the points marked A, B, C or D best shows the position of -

A

A. PointA
@ Point B
C. PointC
D.  Point D
10. w=cosZ+isin’ _ . _ 3 g o
If 5 5, which quartic polynomial has @@ >@ and @ as its zeros?

A. 42+ +z+1

@ 22—z 41

C. 22—+ z+1

D. v -2 z41



Section i
90 marks
Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section
Answer each question in the appropriate writing booklet. Extra writing booklets are available.
For questions in Section II, your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (16 marks) Use a new writing booklet.

(a) | The complex numbers z = 9e3’ and w = 3es" are given.

(i) | Find the value of %, giving the answer in the form ref®. 1
o
/3L

,’/&_ — qe/n-o Marker’s comments:
(VS ) 3 e e Generally answered well
L7
- 3@ -

- \AY

(ii) | Hence, or otherwise, find the value of w2.

= Marker’s comments:
- Generally answered well

v e

—

LYY

w
st e

- -




(b) RS =| _1 2

It is given that the point R is (2’1’_1) ,
Find the coordinates of 7 .

—_— T - L-\ -\
RT = 3 ~\ ‘B — I— 3\‘& Marker’s comments:

Generally answered well but
students were making careless

—_— —_—
KT = @T -k erTors.
o7 - X 1Ok

M 14

2] 7 Cowre B Tan Co )Y
S .

(¢) | Find
® :
sin’ x dx 2
& < v? > CQ Yy = UL X S\n ¢ o 03 Marker’s comments:
Generally answered well but
- tudents were making careless
: - Losm >y A >
= &S!V\ﬂ (L ) \/ erTors.

- i — &9 NEt c!i(_‘(E?S?C) cﬂ»q
B X Hoc

= /Cos;g+:/zl>-¢o_53n Ve

Alroamar Ve e w= €20 X W= oS
- AU = ~ S~ X

3 =\ d Ee% .
SSN\_ % C(—LO\ 7«5&7( = g W \ bl b = é‘y\x&){.

W W xcC
-_— —
ES
Cﬁs,\)("’ — ey < + C

3



.o 2
(i) J’f dx
X +6

(e S e

Fn » g
Lakted (Z)ee Tdm 0

A dor 3

—

> 3 =
e (B) e

Marker’s comments:

Generally answered well but some
students had trouble recognising
that the integral was arctan or they
used the wrong substitution.

(d)

2-3i is one root of the equation z° +mz+52=0 where m is real.

(i) | Find the other roots.

Since Ceb%‘o@wks o Mol A
St sv&— Yo roovs 1S Mg CSDV\‘;‘A&Q}“U Marker’s comments:

Generally answered well but a few
students didn’t realise that the

LQ;Q' 3( 00 (‘D@‘k— \09 o< conjugate was also a root

‘% o+ 3(1 (-C// 2"'%‘-’

Qaer 9§ Ve s AL AT X = O
g+A =0 Lo o= -

2. The oftad 2 CosvL ot
9v2 oud -4V

(i1) | Determine the value of m.

Suwa 6& Qo> G& voots

Marker’s comments:

v
o< (5 XY ¢ (éY = M . N Generally answered well but
_bL (Q* ES u) - L (=z- 3¢ ) L ('( e Co 2L> - ™ students were making careless

=12 -~ AL T3 v

%> VV(:'B(/

o

€ITors.
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(e) | (1) | Find the square roots of —3 — 4i.

EE A%

2= -3-4uL

Geteg) ™= =3 v

Y - - 3~ W
_ G

L

x + R?“jlf’

76)—— %3-7’<= - 3

PR eV O
7(7'\-&37’ - s —
Q’XL - 2 -

° Sﬁm \{‘&s\s cuvt
2-\-a

~

Marker’s comments:

Generally answered well but
methods used to answer the
question were not always the most
efficient.

J v’

2= -\TZ(; \/

(ii) | Hence or otherwise, solve the equation z? — 3z + (3 + i) = 0. 2

=2 Ja-4G0
Z

= 3= \5-3— GeL
&fw ?WAV C")

:}_ _ .E; 5+ | - 2_0 ?E = 15" (R :2"
2 y=

|+ &

-11-

Marker’s comments:
Generally answered well.




Question 12 (14 marks) Use a separate writing booklet.

Marker’s comments:

Generally answered well although
students made careless errors in
their solutions.

Marker’s comments:
Generally answered well.

@ G 3x* =3x+5
a i — 5
E x(x2+5) . . R
Xpress as a sum of partial fractions over & .
A)o) x-S A . Bare [
F & Bl S L AT E L
35 3wer = AR e (B L_J
(e} =0 = 5 = Sk o Ay
; Vregresc
ek a=1i = § =6 B .'\ 4
1) W b/fx
Bic == — U J )
i_ﬁ'.,|1' x= =1 = K= b tR—
‘:_!3'_\—'-'.-_: 5 __'C_}}
26= 4 -- ©= 2
d-C =5 <. C=-
.l‘_ r"-_ I El- " e &= '3 \//
.. 3x* =3x+5
(i1) Jz—dx
Hence find x(x +5)
b"ll I'u s i tS A EI- —I_' f %1—}— I'Jk_
o trE) J x P
| e ?:5~ - _E_ Cfx_
i /{""'r;"' - )
£ Fad
£ .
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(b) s

For all non-negative numbers, x and y, 2 . (Do NOT prove this.)
A rectangle has dimensions a and b.

Given that the rectangle has perimeter P, and area A, prove that P? > 16A.

% Qardb=P — 1y Marker’s comments:
& - Most students were able to arrive
. k= ol — (2) ]
=] at the proof, however, the setting
~ - t and structure of the logic wa
Frewa (D & ada P out d structure of the logic was
2 an issue.
, ath > b gue
= ¢
Lo v = I:E. ;
//-
LA iy ) i _"__'l.- o e j:n_f'-'_
- -"1 . f.r"
o5 4h i
f

8-2i
© O w322 .
Write the complex number 5+3i in the form X+
] Lj WS o= _{“E_" "2'}- % 5 = ?‘*‘v_- Marker’s comments:
S+ L -3 Generally answered well
= 40-34( -C
Cas +9
= BY =B
E3T -
/
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(i1)) Find the argument of w.

i C ) Marker’s comments:
E'L) G“"j CLJ' ) = fon I' Generally answered well
o | \/
] N
of
(iii) Hence or otherwise, find the possible values of the positive integer n for which 2
W' is purely real.
i) (A - AL i 5 Marker’s comments:
¢ A b 2 \ - Many students forgot to qualify
SR 5 P the sign of k to allow for positive
s () i3 whee k values only of n.
A= = Hi . = r'@_;-;. e »

(d) On an Argand diagram, sketch the region satisfied by both

|Z+1|S|Z—i| and Im(z)<2.

J‘Lr;-j
[ < l®eiy-L
| 'x_fll-t.-'.ﬁl - \ .1 l\
i : BN L 4 2
erfl r:‘ll w5 © --(_j_l}
T A
A i ] r.'rlj b ;lL',.'.j .a?jrlll
o . &
> \ A Kl -7 A
ol AALES DR y AT £

e o -

o 3 |
A 4
. £ ;
B e s s A
o G e o
i
i ri
#
P

’

-14-

Marker’s comments:

Students were not:

e including the open circle at
the intersection point of the
two graphs

e did not include a dashed line
beyond the applicable region,
however, marks were not
deducted for this

e using the correct Cartesian

equation for |z + 1| < |z - i|




Question 13 (14 marks) Use a separate writing booklet.

(a)

1
—<x<7
Prove that 3

'::"j H_-:r -1'\"'5.-\/-21&_. """“ll“‘“‘“u'ﬂ_‘-, = P ol 3 g adles,

Mecd o chiek 3 conass
Cane | 2 +Br3nbkl P ¥k [ P -
n €3 o __":_ﬁ
Cane 1 ]‘-*:‘_urGP'-’l :’J”L""'.ﬂ
1 b i g >
iy == :I
e R § 5.}
Caw 3 2 bt Suyz ol
5 i -
-5 —
k) -
x 3 —_
-3
: k'
LBV, TP Y] S ol 3
[
_J__% £ w3 L= oA

> roridien Corret Solnlre

| .;_F,.pa-.-w-*.'\ﬁ e & f.-tlf}*-r\.ﬁé‘:.{ '.*-_i_q\w&-"u-fl':j

and 2 = ,JI_,-r\_n‘

el sr

(b)

Suppose p € R satisfies 7° =2 . Prove that ? is irrational.

A triangle has side lengths ¥+3, 3¥+6and 5x+2, where xeR.

Marker’s comments:
Majority of the students didnt
consider all the three cases and
lost one mark

R n 7}

Marker’s comments:

A large number of students didnt
recognise that a and b should be
positive integers.

feqsiamnt e rakoe-ed aereek seli o
c‘-‘_:;.-hﬁcL. "',I.'al = 2 ks -
I‘“ﬁ} 1 = F S
=—a haew
—— &
Y o, Ex
B
T
ke
Tl =3

Bk sate o ooued B om ~-J"'L‘T.rr‘1

.ﬂ-l;l.'ﬁ- bod side & edd LJLM:-.'_J.': r'-'—af?/"'-'
N i o radie biown_

;‘\_I-\.'\.ﬂ-‘-l- o e

thaceRor

1y @

J'_‘n (5% |r'f_.'1,i"l..|:lMﬂ-A--'-
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(c) Let a, be the sequence defined recursively by a, = 0 and a,, = a,,_; + 3n? for all 3
integers n > 1.
Use mathematical induction to prove that for all integers n = 0,
nn+1)2n+1)

a
n 2
B, 20| D s ¥ Marker’s comments:
Overall , well done
Prode Jr'l'\..l{'_ Eor W 5_
i e Tl L
e
LHs = a THS = On | wy,
= z
o | 5 .4"'
LLHS =eHS S e fe w=o

Bt e e g..r we= b Il,J'l..-a.ﬂ., | MR- -.-J'Eu‘u L

€ g - wlen) (per)

¥
o l \.-;I"LL 'S-l_'l.,t_‘]._"-‘:-"\
7 [ ] P A e s | aduchoe sHep
L wsen  MECussWE
L] Srad s =rue d-al A= D

TProve rue Eef v ek

L T {uruy{g‘*.&j{i{u:q.-t}
T
= lfl-.*rlj(_h..rz.‘}{:'zm '5.)

e

o

Ll

LS 2 C}-“....l,
T
= Gy ¥ % L"'-"""E‘

= kCer)(akvi) ;{ﬂ"' l“‘:j AT G
g = 1z

Y.'-"‘-J Wl A .E&.;nnml.m

- Illh"rl\):.l:'l‘-. (Bart™ & o ('u-\-..';j
e SR
s Cu iy (Bt mr Gevi)
—_—
Oevy (27T '_lli_:ia_)
s
= {:'u_r Iﬁ‘l (a2 (e e 27y
L

= RH%
"." 4‘“&!5, 'FG; h:'n.bk-".
ﬂ.-r ’?\/N{-ﬂ-— "T\*E- % ML“CM‘-}‘-"
I.J-JJV"EJ-‘-% &b—f v T D
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(d) A quadrilateral is formed in three-dimensional space.

It’s vertices are 0(0’0’0), A(2,5,—6), B(3:—3,—4) andC(Z,—l6,4)

clockwise direction from point O.

, labelled in the

Find the size of £ZABC, giving your answer to the nearest degree.

A2 -6) £ (3,3 -4)

C (a4

Qla, o) . i
e - == I I
R = = T | \
cos® = BA . BL LIS B 6 1
|oh || & et =4
- —_— =TET
e = Ve r et reD (| |
iy L-=d
_ =7 13|
18 |+ [enrecimrr ns - ] )
— It L=«
w[ 0SS L 4 :
2 o=
i-‘-ls 3 II _I-lel . | ol |
=X \
ol = | g LJ (. %= JI L 3
(en * (234
[l | 3
Jerge Ve
9 5 = LR \\' I 5 U
= £ ey
Jis s _,J
= ng L

CLpwe = 157 o ngaceat dﬂ_zrw_,

-17-

Marker’s comments:
Well done




(e)

Im 4
D NOT TO
SCALE
In the diagram the points A4, B, C and D
represent the complex numbers
Z1>%2-%3 and “4, respectively. Both
C AABCand ABCD are right angled
isosceles triangles as shown
B
A
o Re
(1) , 1
Show that the complex number 3 can be written as
z :(l—i)z1 +iz,
= — Marker’s comments:
LJ he he <o Well done
(e = (2= £
i o ey e A e P % L O i
T (=) ¥ 2y o5,
o d
(i) , . : 2
Hence, express the complex number “4in terms of “1and “2, giving your answer in

simplest form.

s == 5
La) Ch- C =t
L-"T"s :[:.11_1” Ju
2y = }.5—L,13*'L1L
- [I-ﬁ:}-l!'*";z-z'_
o - =
= Iil.-i,:).lf|-1:_‘:|1 L-\__f_LJI-A-L?_‘__
= {._I.'J-\:I‘ o e (1
:[‘J_lf-.—'-_)t. T Bater P Tl
- = JrzE L L2 %25
b 2, = ~ ez, + (2 #l Jzg

--L:}&L“L?-z

Marker’s comments:

Some students struggled in
showing the understanding of
rotation of a vector through ninety
degrees anticlockwise
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Question 14. (14 marks) Use a separate writing booklet.

(a) Sk
By considering the series =

( n+l1 jn
— | 2n!
prove that \ 2 for integers n =1,

o
2_-;1 = L+ L% Tr . e
=1
| BT RN RV o] enplsadom
[Eat
PliEw Sl wad e |5 |aas AR
" J-'L,-)
= — e
gl Sl
a ﬂ ||.-l..-ﬂ\'I
:
! _ rn+l)
J-‘F-w.’_,-zj LHs = l'-:_‘____in"'_
uf
- =l
[
I
I Zebw Wy = L1
It C "
RHS =Tl
{ '?:") 2N
o - !
_ 1% s s
l.I Ai' I| F; (-’_‘\J f'l_>
Lo d
— “.")w s wl oa= F‘?ﬁcﬂ
oW I w
e
= o peche
™ & . .
E P [ .w-\..!'_- r.l..-:l A 1
c NE R
) o LA ar
2 LA ; o 1
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and the AM-GM Inequality n

X +x,+..+X
1 2 n
—" 20X X,..X,

b

Marker’s comments:

It is generally a bad idea to use an
induction proof unless you have been
directed to do so. Any students who
used induction could not get any marks
as they could not prove the result and did
not make any progress towards to correct
method.

Responses who received full marks
needed to state that x,,x,,..x, was
going to the first n positive integers.

Many students did not explain how they
were using the given AM-GM inequality




1 -1
sin - x

(b) J —
Use integration by parts to evaluate J o I+x
l L
b haled 7l 2 g S e A
) e

T L
| |
I = j‘;.-u"z.“'—"f-rl - 1 S Fax e
o e L
=2i-o0 - 2 l j‘TT' 4w
* S Cmdirnd
=
=T - 3| == dc
ul._"j F 1 —-xL ;
5 "I' %
=Mz - 2 ZJFICI-HE { )
-
¢ |
= T /= -u.-.f_’O---—'_)
R T
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dx

Marker’s comments:
Relatively well done.

The main error was leaving the
negative off when integrating in
the third last line.

Lots of very simple algebraic
errors and careless mistakes

Corcech < dudiow
Makes Sudstoawdh ol .;I.r'.ky:‘-‘!':d

Carre divy SefS wp T BT



X
() t=tan—

Using the substitution 2, or otherwise, evaluate
2 2
J ——dx
% sinx+1
Py
L) + L P A Marker’s comments:
T Shasek Relatively well done
3
b £ -d4ang 1 1= "; e :’-’5 Some very elaborate ways of calculating ¢
- dx . .
dE . 1gect B =% t=| %X in terms of t. The easiest is to
gl & e E dt
o lir_ - b *-:} fia A = ik . o
e |5 Tt make x the subject and x=2tan ¢
-
Ul 21 g differentiate. Lots of wasted time on
LRt - 7
_ this section of the question.
) [ 2k | gy kT
:-@, IeLF
dr b i There were many different forms of
- 4 g - e T o
ol B I o . .
"o e e ' the solution, depending on whether
s 5 | 4k the denominator was rationalised.
¥ { &rl "
Y
: i1
i
LI. Z i ki) -rlr‘.r' -C' & =iy w Ll - P
= [ | ey - = e W a b i n: - =
= = i - L L L X
i Z a - J %5
. V Albeenpt® = Lae TR a
= = £ 3 | - r; ;
z 5 1o

- _J".J |f'.'.-f1_.')

= Lk =03
i 'é 'I:'_,-pjk';.)

T Rl __.,,f%"[l
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@ o -2-2=1

(1)  On an argand diagram, sketch the graph of the set of points represented by z.

i 4l _| a9 \ L) Marker’s comments:
; Very well done
) |
2 4
2l
L]
i o =
(i) Find the maximum value of Arg z.
0] ot ik ol rrin K Ot Wlin M lava Marker’s comments:
s e ek side gf cirtle Quite poorly done.
Led
i Mo l#) = of Many students did not know how to do
| P i this.
i o = |'5
' 2 = fan-li Some students used the correct method
B = tan'(i)
/ _ but put the right angle at the centre of the
O . , b circle instead of between the tangent and
radius.
o Jie
| i e 7 P T Some students assumed the the max arg
swm@ = 20 foB=5w (200 was at the point (1,2). This received no
= H{ marks
of = & + =i —
& LT ¥ '}">
o Bron fx ) m L)

WoAagrut
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(ii1) Find the maximum value of |z|.

Marker’s comments:
Much better
} | . |
in| By | A LA JW(-L/\'i '9g L.Li LS G 5 et
P ey ::?,] = |EE_ ] | et ek £
I it
¥ | mienin | R, |20 |00
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Question 15. (16 marks) Use a separate writing booklet.

@ 04CB isa parallelogram with O4=4¢ and OB=b_ M ig a point on OA such that
1 e 1 e
oM|=_lod] | [pP| = —[pB] . .
5 . Pis a point on MB such that 6 , as shown in the diagram.
Show that P lies on OC .
B —
9 " 1
& 4 Marker’s comments:
\aak - :;} B Very well done
b e
'i,.-.J'.__); | = ; l'-,' AR |
o |
(4] AF "] 4
¥ . o — A 7
OF = OrA - AR MP = g M
— —. ¥
- A |
L by g | S e 85 ks
5o~ & =~ PN ol — %‘-Uﬂ
%
o . L, il e
sl | 11 g L
- k i A
; o = f B Iﬁ'_j s {.-‘:' = "ﬁ
i -y - Lo
~ = &~ 3o
B = o v Ao
= o | [P

e Sl L& UP v Ry |
S alat e i@l ok o

0" v
T I waaa s T B mes W -
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Sh
B & |
\ !I':.f. ] ;Ii.a_ = .Il'l I;:' i{* - w] o
b 43
| k- " —
b = Lz &R
F Ll ';.ph =
£z "
A thiA 1
7 - o
||. Finhde "-:Il ;:;'.\-\.l-"l_lll‘
‘. o
|II Eip - u)‘, e
40
= E f [ {o—wy das H"i."‘"“‘"'“:}_ e Iw\" =
do Aty
L=
= S "I.I-(:»--l_\jlrﬁ-i_ s h—é’.’:\lc-j-
J
(i)  Show that:
1 z
dx _jz cos@
ox+1—x> Jo sin@+cosd
| ;
J_ i | Ledt- . BN Y o &
= — Ao = o @ A
n P=E 1 L-wm
I P = [ R
L2
1:' A Pt ./1
o i = Jd &
W,
e Coo% =2 .-,]:’I;L ax ~Sg r;l
3‘_‘) oAl o canEr
3 Goermer  saludan
i f LA

J f(x)dx = J" f(a—x)dx
ow that /o 0

Marker’s comments:
Generally well done.

Make sure you don’t have two variables
in the definite integral

. el

y M e | Was= ghak L

do

Marker’s comments:
Very well done

This is a show question and so you must
show the substitution and then simplify.
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(iii) Hence, determine the value of:
I J 1 dx
0 x+1-x>

S _CJ:_. ¥ Sh we®  Jo-
o w2

- e s B

Tie Lile [ con & - 5 .m_E‘?' A6
JO % s \-g (_.p.\_:\]l- wi sl
- L l'\:"'hll-b 1-_;,.*1,?7 r-'__.iﬂ-
J, Tims e
I
F o
- ( | &
o '.:
e 1) | L=
Al
Thf =

i
=
S ey

2/ Cavrreeh =ebud~ en

Fr I AL 1 ) 1St
/ [ P'\fMpTS ol luye | e z{j V"V\.n_/\_d_,ll—-fd-ﬂ éFF

Toere (_J..- )

|
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Marker’s comments:

Very well done

Some students did not make the
connection with part i) and did not
know how to start.




(©

The line “1 has equation:
r=i+2k+A(20+3j k)

where 41 €R,
The line Z2 has equation:
x+1 y-4 z-1
1 1 3
@ ry=—i+4j+k+ (z‘+ '+3k) 1
Show that =2~ T L TETHULTITR) Ghereu R
= A+ =8 e | = Marker’s comments:
[ T i | Lots of students did not know
m—— _ |t = . ledp that the equation of a line in the
3 x+1 y—-4 z-1
| el ( form = = .
s i wr Eru (L ) e TN
Many just stated the direction
vector without showing it.
A lot of unnecessary long working
with this question.
(i) : . 3
Show that lines Z1and 2 do not intersect.
Faen ©, - Marker’s comments:
| y= 32 . A h Generally very well done
- o= 25 &
L ."':"" =N . = .J
L 2 _; - -/‘} = -\. o
ij.‘s-r\_ 1 F e e sl e ko (R
FF JHI A=A | =2 = | e
Ak = L
LR ) = .--./"-.G'E A L= -"'i.' BB =
LS | 75 2l B =S L= e
R X
LHS # RH 5

" : B
i -, -, s -
[} i A ASES  waRach £ oA



The point 4 lies on 1 with parameter A=p , and the point B lies on 2 with parameter

H=q,

(111))  Write 4B as a column vector.

2 dp | - 14 G | Marker’s comments:
an L i _ ~ 1} Generally very well done
(TP T
L2-P | |+ 3¢
v R TR
"_I P {'-Er - |I_}
|+ 39 - el
=TT
= Lol B
okl o
- | _,_r',,i +_J'+'.'. |
v ZE‘ B - .
() Calculate the value of ‘ when 4B is perpendicular to both Z1and Z2.
= e il e Lamdt Cudos Marker’s comments:
ettt ©, od Co Thaw Generally well done
'|_,.. i_.}_r'u -:'f;;..-;
IL 4+9-5f "| 5 -
= -;?'_ f}_ IL- ",
bk I-'!('T_ - ‘1}] - . :,:;:L -,‘ f..] . I. '1_,2 = -
i, fE — —f“: = == ]
|-=dte=oF -
grg-3p 1 |'=©°
-l +3g +P |
i R i D
I l.’l - -y _._"l | =z :;
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ai _'“-'tf.'lf_"c"- = C‘I__}
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Question 16. (16 marks) Use a separate writing booklet.

(a) Consider the proposition:

If the remainder is 2 or 3 when an integer nis divided by 4, then n# K, where ke Z.

(1)  State the contrapositive to the proposition.

1
: hniish G2 er 3 udee an alege o w, 1> darided
¥ i i \Bia '1 2 Marker’s comments:
a T - Well done
P = & -
(-J-'-.N b i f" o Y L P l:| i
" g i o= o e . \.,._‘,{..._q_.-.dl W & . .{"-._‘p_.n '!:'/\. g T -'\--"-It'-f
1% = ,:_,j"f..“_,.,.. - ﬂ.‘-nr_c:lrf AT ¢ J.xu'-d{rl '-EI-\:!. [ P
% '-.{_- L, BALe L AT A Sl
i E A=l Lfleae e, P b
€ hs Gl o A - ar E .,.J—L-J.-'"\-..- [,
'.“*"-‘g.u y &, NS liaid ed lc:'_t} L g
P IEI‘-
(i1)) Hence, prove the proposition by proving the contrapositive. 3
=" Marker’s comments:
o PR B = 4q S g L E The students are reminded to read the
=ik k> - eq o question carefully especially in these
A4 = L

Wi= '-I-'-":'LL renndn indes 178 O ool
chiovellad '-af._ll Ly

Coae = kgl

= . =

HL_- |:_,_:¢r-.. ';_}
= s+ T'q k|
L &

o= L ~.4 ‘I'r_‘- t ‘:?f.:) Fl noa-des s |
s avid ed
i r
ﬂ.u"!’. f.-' W q_.,'..:;__1 i

_ e (w2

= g™t g +ee

questions when k was any integer .

1 - [ G &g b B HEp Al .--q'\--: [
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o] 4=

i -
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——— f L =
k== (wg t2)
— '||vCLz'" 2"'1‘ i | I
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L i’ L -'"l R | A di;..h.rj
\':la:l 1.’-
Dance the oo raperive. Stadeea - s biue,

. B miaeu)\ Bhakem e d s Frwe
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(b) Let

1 1 1 1
z, = + + ot .
(1+i)

(1+i)0 (l+z‘)1 (1+i)2
(1) 1

Express 1+i in the form ¥+

L N S
[ L | _I', 52
o | . _|_ 1 _,l_ L-’
_I rL-, < 2z
. Tn . n
y sin —— +icos—
(i1) 2 =1—i+ 4 4
n n
Prove that 2?2
Given 2a= | R = 15 )
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& R - . P o |
vy { = I_l._, .|:__ [_I .-'I :':I-."In..\ [ Ei A
M st sl Terwal == it
Sa=A 00 A

| =
L e S
u! gLl b fre2) a
= s
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o,
ik Fa el |
2 =l L J b | S
Ve L 1| L +i
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Marker’s comments:
Well done

Marker’s comments:

Poorly done . Some students didnt take the
correct number of terms and others
struggled in the last steps of the solution .
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(©) (w2 2
Let ]n—J.OX az—xzdx’ae

R+ and 7=0,L...

(i) =Ly 3

n n-2 —
Prove that n+2 for 1=2,3, ...
4 9
i - . 3 e Marker’s comments:
# | T F ..

. Majority of the students got u and v
ol - o o correct but lost marks due to silly
ARE ya e o= P d gl .

o : e mistakes .
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Marker’s comments:

Not many students received full
marks as they either struggled with
the time management and couldnt
complete the question or couldnt get
to the final part of the solution due to
lack of understanding in factorials
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